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Abstract

In this work, we present an efficient and practical model for describing two-phase creeping fluid flows in contact with a solid
substrate. In the framework of phase-field method, a ternary Cahn—Hilliard model is modified by adding a term reflecting the
wetting condition of liquid phase on the liquid—solid interface. The contact angle dynamics can be implicitly achieved by solving
the phase-field equations and the explicit treatment on liquid—solid boundary is absent. Therefore, various discretization methods
in space can be naturally adopted. To update the creeping flows in arbitrary domains, we herein consider the incompressible
Darcy equations with a penalty term. The coupled binary fluid system theoretically satisfies the energy dissipation law with
respect to a total energy functional. An energy dissipation-preserving time-marching scheme is constructed based on the
auxiliary variable approach. Furthermore, a simple correction technique is utilized to improve the consistency between original
and numerical values. We analytically prove that the proposed scheme still satisfies the energy law in its discrete version.
Extensive numerical experiments are performed to validate the accuracy, consistent stability, and capability of our method.
©2023 Elsevier B.V. All rights reserved.
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1. Introduction

The creeping flow extensively exists in micro-tube, porous medium, and Hele—Shaw cell [1,2]. The incom-
pressible Darcy model is effective to describe the dynamics of creeping flow. During the past few years, the
numerical algorithms and simulations of Darcy-type fluid flows have been investigated in [3-5] and references
therein. However, most of these researches treated the computational domain as a regular cube and did not consider
the effect of solid obstacles on the dynamics of fluid interface.

When it comes to the binary fluids in contact with solid, two fundamental questions arise: (i) how to accurately
describe the fluid interface ? (ii) how to efficiently treat the wetting boundary condition on the fluid—solid interface ?
The phase-field method [6—8] is a popular approach to answer the first question because the changes of fluid interface
can be implicitly captured by solving the phase-field equations. The Cahn-Hilliard (CH) equation is a well-known
phase-field model in fluid field because it has a good property of mass conservation. For the numerical methods of
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CH model, please refer to [9—-14]. For the industrial applications of CH equation, see [15—18] and references therein.
To answer the second question, the finite element method [19] is practical to treat the irregular boundary. In the
present work, we focus on proposing a new approach to capture the fluid interface and reflect the wetting condition
in a totally implicit manner. Moreover, we hope that our proposed model is not limited to a specific discretization
method in space. In [20,21], authors observed that the evolution of a particular fluid component in space can be
suppressed by the existences of other immiscible components. For a three-component fluid system, the interfaces
are governed by [22-25]
i 1

EE = P_eAM“ (1.1)

F'(¢) + p(@) — €A, =012, (1.2)

where ¢; = ¢;(X, t) represents the concentration of ith fluid component, x and ¢ are spatial and temporal variables.
We let ¢; ~ 1 and 0 in the interior and exterior of ith fluid, respectively. The chemical potential of ith fluid is p;. The
Peclet number is Pe = U.L./(Mu.) > 0, where U, is the characteristic velocity, L. is the characteristic length, M
is the mobility, u. is the characteristic chemical potential. The thickness of diffuse interface is reflected by a small
positive constant €, £ > 0 is a constant. For a Darcy fluid system, £ represents the porosity. The nonlinear term is
F'(¢;) = ¢i3 — ¢;. The Lagrange multiplier S(¢) is used to satisfy the link condition, i.e., ¢g+ ¢ + ¢, = 1 [22-25].

The present work aims to develop a practical and efficient phase-field model to implicitly describe the wetting
condition of binary creeping fluids in contact with solid. The irregular domain occupied by fluid phases is embedded
in a large regular domain (full domain). On the boundary of regular domain, the simple boundary conditions
(periodic or homogeneous-Neumann) are considered. With the absence of explicit treatment of wetting boundary
condition on fluid—solid interface, our proposed model naturally describes the wetting phenomenon by solving
the governing equations. Therefore, the proposed model is efficient to implement and various methods for the
discretization in space can be theoretically adopted. Furthermore, the proposed fluid system consisting of phase-
field model and Darcy model can lead to an energy dissipation law. Based on this property, we design a linear and
energy-stable scheme based on the scalar auxiliary variable (SAV) type method [26-28]. As reported in [29,30], the
original SAV method cannot satisfy the consistency between original and numerical variables when a larger time
step is used. To fix this problem, we adopt two correction techniques and analytically demonstrate the corrected
energy dissipation law in time-discretized version. The present method not only achieves simple computation of
wetting phenomenon on fluid—solid interface but also preserves the energy property of a dissipative system.

The rests of this article are as follows. In Section 2, the governing equations of binary creeping fluids in contact
with solid are derived. The consistent energy-stable algorithm and the numerical implementation are introduced in
Section 3. In Section 4, the numerical experiments are performed to validate the proposed method. The concluding
remarks are given in Section 5.

Mi

2. Phase-field model in contact with solid

For the immiscible fluid system, the multi-component CH model [22-25] can prevent the permeation of bulk
phases from different fluid materials. By utilizing this property, we consider a ternary CH model (Egs. (1.1) and
(1.2)) and fix one component all along in the computation, i.e., we only solve the rest two fluid components. The
fixed component ¢y is regarded as the solid obstacle or the arbitrary domain. In the interior and exterior of solid, we
assume ¢y = 1 and ¢y = 0, respectively. In each position of the system, we still require the conservative condition,
i.e., ¢o + ¢1 + ¢, = 1. To derive a phase-field model reflecting the wetting condition, we start from the following
Young’s equality which describes the relationship between fluid—solid contact angle and interfacial tensions

0'1200S9=O'25—0'15, (21)

where 013, 025, and o are the surface tensions on the interfaces of liquid 1 and liquid 2, liquid 2 and solid, liquid
1 and solid, respectively. The contact angle is 6, see Fig. | for the schematic illustration.
On the interface of liquid and solid, the following equality holds

Vo -ng = —|V,|cosb,, m=1,2, (2.2)
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Fig. 1. Schematic illustration of a droplet locating on the solid. Here, the contact angle is 6.

where ng = V¢ /| V| is the unit normal vector to solid, 8; = 180°—6, and 6, = 180° —6,. For the CH-type phase-
field model, the local equilibrium approximation of diffuse interface leads to |Vé,,| = ¢, (1 — @)/ («/Ee) [22,23].
Thus, we rewrite Eq. (2.2) as

Vo - Vb + €1 — b)| Vebo| c0s 6, /~/2 = 0. (2.3)

Theoretically, we can use Eq. (2.2) to construct the model without the aforementioned local equilibrium approxi-
mation. In this work, we want to avoid numerically calculating |V¢,,|. Moreover, the polynomial form is helpful
to derive an energy structure in Theorem 2.1. Since the right-hand side of Eq. (2.3) is zero, we claim the terms
on left-hand side are “zero-contribution”. By adding them into the expression of u,, (i.e., Eq. (1.2)), the following
equation is obtained

€

i = f (@) + B(®) + ﬁ¢m(1 — )| Vol 086,y — €2V - (1 — ¢0) V) — €200 Ay, (2.4)

where we use A, = V- (1 —¢o)Vdy)+ Vo -V, + PpoAd,,. In the regions occupied by liquid, ¢y = 0 indicates

Eq. (2.4) is equivalent to the original expression of u,, (i.e., Eq. (1.2)). In the diffuse interface, the last term in

Eq. (2.4) indeed exists. However, the diffuse interface becomes narrow as the refinement of mesh size. Furthermore,

we notice that this term does not have contributions to mass conservation and wetting condition (i.e., it does not

contain contact angle ). As ¢9 — 0, the last term in Eq. (2.4) also vanishes. For convenience, we neglect the last

term and recast Eq. (2.4) as

€

wm = f(dm) + B(P) + 7

To suppress the evolution of ¢, in solid, we rewrite Au,, as V- ((1 —¢¢)Vu,,). The modified phase-field equations
read as

Dl = $)| Vol €08 O, — €2V - (1 = ¢0) V). (2.5)

O0bn _ 1 V- (1 v 2.6

SW_E (1 = ¢0)Vim), (2.6)
€

tm = f(dn) + B(@) + Ed’m(l — )| Vol 080,y — €2V - (1 — ¢0)Vy), m=1,2. 2.7

In this model, the solid is embedded into a regular full domain 2. The profile of solid is defined by the 0.5
level-set of the initial value of ¢. On the boundary of (2 (i.e., 3{2), the periodic or the homogeneous Neumann
(i.e., V¢, -n =0 and Vpu,, - n = 0) boundary condition is used, n is the outward unit normal vector to the domain
boundary. To satisfy ¢g + ¢ + ¢, = 1, we derive a specific form of S(¢p). By summing Eq. (2.6) from m = 0 to
2, we get
2

1 A _o Pm)
Y V(= ) = Dm0 B) 2.8)
— Pe at
Because 1 — ¢ is generally not equal to zero everywhere, we simply set Zizo Um = 0 to suppress the time
evolution of anzo ¢m. Since 3% = 0, we can define the form of 1 in an arbitrary manner. Here, we let
1o = f(do) + B() — €V - (1 — ¢o) Vo). (2.9)

By summing Eq. (2.7) for m = 1 and 2 and combining it with Eq. (2.9), we have

2 2 2 2
Fdm) +38@) + 3 | ~= (1 — )| Vol c08 b | — €V - | (1 =)V [ ¢ ) | =3t = 0.
V2
m=0 m=1

m=0

3
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Because V (anzo ¢m) = V1 = 0, we derive a specific Lagrange multiplier as follows:

2

3 <f<¢m) + =l — ¢, Vo] cos 9m> + f(¢0)j| . (2.10)
V2

To describe the evolution of velocity field in a domain with solid obstacles, Bergmann et al. [31] treated the whole
region as a porous medium and introduced a penalty term into the incompressible Navier—Stokes equations to
suppress the evolution of velocities in solid. Their framework is efficient to implement because the calculation can be
naturally performed on Cartesian grids. Based on the similar idea, we propose a modified version of incompressible
Darcy model as

1
P@) =—3

m=1

ReDa du el $o
—_— = —V _——— mV m — - ) 211
£ o + a(d)u P~ we m§=1¢> W + p (ug —u) (2.11)
V.-u=0. (2.12)

where u = (u, v) or (u, v, w) is the velocity field in two-dimensional (2D) or three-dimensional (3D) space, p is
the pressure. The non-dimensional numbers are Reynolds number Re = p.U.L./v., Darcy number Da = &/ Lg,
Weber number We = p.L .U 62 /o, where p. is the characteristic density, v, is the characteristic viscosity, &. is the
characteristic permeability, o is the surface tension coefficient. Some details can refer to [32,33]. a(¢) = n(¢)/x is
the hydraulic conductivity, n(¢p) = n1¢1 + n2¢2, N is the viscosity of mth liquid, x > O is a constant permeability.
The last term in Eq. (2.11) plays an effect of penalty and 0 < k¥ < 1 is a constant. The velocity of solid is ug. In
the present work, we only consider the fixed solid and Eqgs. (2.11) and (2.12) can be simplified as

ReDa du el & o
Ju — v, Vi, — 2, 2.13
£ o + a(éd)u P~ e m§=1¢ M s (2.13)
V.u=0. (2.14)

By adding the convection term into the modified phase-field model and considering Eqs. (2.13) and (2.14), the
creeping flow-coupled two-phase model with wetting condition in contact with solid reads as

Im 1
E= 0V Whn) = -V - (1= o) Vitw), (2.15)
€
o = f(dm) + B() + 72‘“"“ — ¢u)| Vol €086, — €2V - (1 — p0) V), m=1,2. (2.16)
ReDa du el & do
ot al@u=—Vp— Wr;qsmwm -u, (2.17)
V-u=0. (2.18)

On a2, the velocities are periodic or satisfy u|y; = 0. To facilitate the readers to understand the following contents,
we first define some useful notations. Let F; and F, be two functions, the L2-inner product and the L?-norm are
defined as (Fy, F,) = fQ F, - F, dx and || F;||*> = (F), F)), respectively.

Theorem 2.1. With appropriate boundary conditions (i.e., periodic or homogeneous-Neumann for scalar variables,
and ulyn = 0), Egs. (2.15)—(2.18) satisfy an energy dissipation law with respect to the following energy functional

2

—1 2 3 2
Egw =" U@ F@ dx+ | ¢ (¢—m - ")—m) Voulcost ax+ [ S = g0ianP dx]

— 2 3 o
ReDa / 2
+ — [u]” dx. (2.19)
2% Jo
Proof. By taking the L>-inner product of Eq. (2.15) with u,,, we have
OPm 1
3 (W Mm) + (V- (agp), um) = —P—ellv1 — GoViunll’. (2.20)

4
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. 2 . 3¢m
By taking the L“-inner product of Eq. (2.16) with =*, we have

OPm d dPm / on )
ms o F(ém) d - — - NN O d 221
(M o ) dt/ (Pm) X+</3(¢) ) 7 > |Vepo| cos 6,, dx (2.21)
+ d 62(1 $0)| Ve |* dx (2.22)
dt Jo 2 0 " ’ '
By multiplying Eq. (2.17) with u and taking the inner product, we get

ReDa d 5 > e (< $o, o

o [ i ax [ a@ ax= -5 (}_ fnVitou ) - /Q 2 uf ax (223)

From m =1 to 2, we multiply Eq. (2.20) with &—, Eq (2.22) with Ee , and combine the results with Eq. (2.23),
the following inequality is derived

-1 2 2 3
E‘;e n;[jt/ F(pm) dx+—/ <¢__¢_) | Vol cos 6y, dx+—/ _(1—¢0)|V¢m|2 dxi|

ReDa d 2
- dtf| 2 dx = — /Qa<¢>|u|

1 —¢o

& —/ ¢—0|u|2 dx < 0. (2.24)
n K

It is worth noting that the integration-by-parts, divergence theory, and appropriate boundary conditions are used in
the estimation. The aforementioned inequality completes the proof. [

Remark 2.1. To justify the motivation and facilitate the interested readers, we first perform a literature survey on
typical ternary phase-field models and then present the reasons for choosing the adopted model. By considering
the interfacial tensions on three fluid interfaces and the interaction between different components, Boyer and
Lapuerta [34] originally developed a coupled nonlinear ternary CH model. Based on their model, the totally and
partially spreading states of fluids can be simulated by changing the surface tension coefficients. Recently, Zhang
and Yang [35] utilized the SAV method to design a linear, second-order time-accurate, and energy-stable scheme for
solving Boyer’s model. Huang [36] adopted Boyer’s model and the hybrid immersed boundary lattice Boltzmann
method to simulate the incompressible ternary droplets on irregular solids. It is worth noting that Boyer’s model
is not trivial for N-component fluid systems (N > 3) because the surface tension coefficients are not uniquely
determined, see the discussions in [37]. To fix this problem, Kim [22] presented a simple ternary phase-field model
by naturally combining the free energy functionals of binary system. In Kim’s model, the phase-field variables were
only used to capture the fluid interfaces. The interfacial tensions were reflected by some generalized surface tension
formulations [37,38] in momentum equation. Since this approach avoided introducing the relation of surface tension
coefficients in model, it can be extended into an arbitrary N-component fluid system. Moreover, the admissible of
this model belongs to a Gibbs triangle. Based on Kim’s ternary model, Park and Anderson [39] simulated the
double emulsion formation in a T-junction. Mu et al. [40] performed simulations of coaxial liquid jets in a co-flow
focusing device. Howard et al. [41] adopted a similar idea to construct a conservative multi-component level-set
method for N-phase flows. Inspired by Kim’s multi-phase model, Xia et al. [42] recently developed an N-component
L? phase field fluid model. In the present work, one component is fixed as a solid and the interactions between
fluid and solid are implicitly reflected by some penalty terms. Because Kim’s model (Egs. (1.1) and (1.2)) not
only satisfies the structure of a Gibbs triangle but also naturally becomes a binary model in fluid regions, we
can efficiently construct the desired model after some modifications. Moreover, this model has good potential to
investigate arbitrary N-components fluids in complex domains.

Remark 2.2. For a ternary CH system, the Lagrange multiplier prevents the penetration of different fluid compo-
nents in bulk phases. This treatment has a similar effect with the well-known diffuse-domain (DD) method [43,44]
in constructing complex domains. Compared with the DD method, the present model not only analytically satisfies
the mass conservation of each fluid component (i.e., % /, o @m dx = 0) but also leads to an energy dissipation law.
Although the phase-field approximation leads to a finite diffusion at fluid—solid interface, this phenomenon can be
reduced by refining the mesh size. The grid convergence tests in Section 4 will clarify this.

5
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Remark 2.3. Let m; and m, be the masses of fluid 1 and 2 in a binary CH fluid system, the order parameter can
be defined as ¢ = (m| — my)/(m| + my) or my/(m; + my) [6]. The first definition makes ¢ € [—1, 1], the second
definition represents the fraction of concentration and makes ¢ € [0, 1]. These definitions only reflect different
scaling effects and both of them have been extensively used in previous works [45-47]. For a ternary system, many
researchers [22-25] used ¢, € [0, 1] m = 1, 2, 3 because the constraint ¢; + ¢, + ¢3 = 1 should be satisfied. It is
worth noting that the proposed model is a modified version of ternary CH system, we also consider ¢,, € [0, 1] in
this work.

3. Numerical method and energy estimation

It is worth noting that the direct discretization scheme of Eqs. (2.15)—(2.18) in time is hard to satisfy the
unconditional energy stability. The SAV method [48,49] is practical to construct linear and energy-stable time-
marching scheme for the complex phase-field fluid system. To utilize the SAV method, we first need to present
the equivalent forms of Egs. (2.15)—(2.18) in Section 3.1. Based on the equivalent model, a linear, temporally
second-order accurate scheme is designed in Section 3.2. We analytically estimate the discrete version of energy
dissipation law in Section 3.3. In Section 3.4, the implementation in one time step is introduced. For the spatial
discretization, the numerical methods are not limited, i.e., we can use the finite difference method, the finite volume
method, and the finite element method, etc.

3.1. Equivalent model

Based on the similar idea of SAV approach [48,49], we define the time-dependent auxiliary variables as

& e (¢ &
R =R@}) = /Q;[F(dm)ﬂLE(?—?) |V¢0|c059m] dx+C,

_ _, 40 _
0=00m=1 —==0

Here, C > 0 is a constant to ensure the value beneath the square root be positive. In SAV method, we note that
the definitions of auxiliary variables R and Q only are mathematical techniques which facilitate us to derive the
equivalent equations and design the energy dissipation-preserving scheme. By utilizing these variables, we recast
Egs. (2.15)—(2.18) to be the following equivalent equations

a m 1
s;i + OV - (upp) = —V - (1 — o)V i), 3.1)
t . Pe

tm = R(Hy + B(@) — €2V - (1 — ¢o) V), (3.2)
ReDa du _ Q¢! 2 bo

F 5 TeWu=-Vp- o n;cbmwm -, (3.3)
V.u=0, (3.4)
dR 1 [ < 3¢n
d 2
d—? = /{ DV @) + 6 Vit - ul dx. (3.6)

m=1

It is worth noting that Eqgs. (3.5) and (3.6) provide the evolutional equations for R and Q, respectively. Eq. (3.6)
holds because [, [V - (W) + ¢ Vit - u] dx =0 for m = 1, 2. Here, we have

- F(@m) + 5bn(1 = ¢m)|Veo| cos by,

_ \/fg Shei [F@m + 5 (% — %) IVgolcos, | dx+ o

6
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B¢ = ZH,,, + f(¢o)
\/fg St [F@m) + 55 (% — %) IVolcos b | dx+C

Since Egs. (3.5) and (3.6) are ordinary differential equations with respect to time, we do not need to define extra
boundary conditions for R and Q.

3.2. Numerical scheme

Let (-)" be the approximation at nth time level, our proposed scheme consists of steps 1-3 in one time step.
Step 1. With computed values at previous time steps, we update ¢"+1, p+1 w1 pr+l Rr+l and Q"+! from the
following second-order backward difference formula (BDF2)

3¢1’111+1 - 4¢rr'z1 + ¢;r1171 n+l1 1 n+l1
E( Y + 0"V - (e, )= 5.V (= goVi™, (3.7)
p = RV HE 4 B(¢%) — €2V - (1 — o) VLt + S — ¢), (3.8)
ReDa (3u""! —4u" 4+ u"! 41 Ortle ! & %o
K\ 3/ - _V no__ *V * _ FU=n+l 3.9

: ( T )+a(¢)u P ;@1 = 3.9)
ReDa (3u"t! — 3a"H+!
V.utl =0, (3.11)
3I%n+1 —4R" + Rl — / Z L 3¢:1n+1 _4¢,nn +¢;1nfl) dx, (3.12)
3 An+1 _ 4 n n—1

¢ ZAQt et / Z[V%u*%)u;*‘+<z>;;w;’ﬁ"+‘] dx. (3.13)

Qm:l

Here, the periodic boundary condition or the following boundary conditions are considered

u™nlye =0, W g =0, Vg - nlae =0,

VMZ,“ ‘nlae =0, Vp"™' nlye = Vp" -l
The last term in Eq. (3.8) plays a role of stabilization, § > 0 is a stabilization parameter. As reported in [29],
the SAV-based time-marching scheme leads to the inconsistency between the original energy (i.e., Eq. (2.19)) and
the modified energy obtained by the solutions of the aforementioned equations. To improve the consistency, the

following energy correction technique is used after step 1.
Step 2. R"*! = y,R"!' + (1 — y,)J (¢), where

2 3
J(¢p) = /Z[F(¢m)+ ¢ <¢——¢—) V| cos b, :| dx+C.

2
Here, y, = miny and y € [0, 1] such that

1 1/ A A

E <|Rl’l+1|2 + |2Rn+l _ Rn|2> _ E (an+1|2 + |2Rl’l+1 n ) < Aléh Z ||J?VMH+1 ” (314)
where 0 < g; < P%g’ the aforementioned inequality can be simplified to be

ay*+by +¢ <0, (3.15)
where

5 2 A
a = 5 (Rn+1 J(¢)> , b = <Rn+1 _ J(¢n+1)> (SJ(¢H+1) _ 2RI‘L) ,

7
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1 n 2 n ny 2 pntl2 pn R" n
= 5 (V@7 + 0@ = RO = R = 2R = R'T') = Argy Z IVT= oV 1.

It is worth noting that @ + b + ¢ < 0 when a # 0, then we have y, = max{0, (—b — +/b? — 4ac)/2a}. If a = 0, the
correction is not needed.

Besides the energy correction in step 2, it is also important to correct the numerical value of Q because it will
deviate away from the exact value 1 with the increase of time step. The numerical results in Section 4 verify this.
This inconsistency makes the numerical solution does not correspond to the original Darcy model. To fix this, the
following correction step is needed after steps 1 and 2.

Step 3. 0" =v,0"! 4+ (1 — v,). Here, v, = minv and v € [0, 1] such that

(1P e = o) = 3 (107 4 R0 — 07 = Argal i P, (3.16)
where 0 < ¢» < KZZK‘; We can simplify the aforementioned inequality as

vl +ev+ f <0, (3.17)
where

5(Qn+l_l)2, e:4(Qn_1) (I_Qn+l),
f=5—10"7—4Q" — Atqa|l\/doi" ||

We notice that d + e + f < 0 when d # 0 and we have v, = max{0, (—e — /2 — 4df)/2d}. If d = 0, we do not
perform the correction.

3.3. Discrete energy dissipation law

In this subsectlon we estimate the discrete version of energy dissipation law. By taking the L’-inner product of
Eq. (3.7) with 28— ,u”m“ we get

ge”! +1 gy, 2Are ! +1

2 3 n _ 4 n n , n V n

We ( ¢m ¢m + ¢m Mo ) We ( (ll ¢ )s Mo )
2Ate™!

=- VT = oV tI1%. (3.18)
WePe

By taking the L2-inner product of Eq. (3.8) with £— (3(1:,’,’1+1 — 4y, + '), we get
%-G_l n n n n— 56_1 Qn+] * n n n—
e U300 =40 4 ) = T (Hy 3T — ddn + 077

-1 n+1
S0 G st a4 o)+ S (1T ¢OV¢"+1||2 FIVT— do@vay™ — VoiIP)

i (||\/ =60V, 12+ IVT= 902V}, = Vo, ) + 2= IVT = oV =299, + VeI

Sge™' , Sge! A —1y2
n+l _ any2 _ no__ n ntl _opn n ) 3.19
+ W &), Ol Weo @y, — &, I+ N7 &), G+ |l (3.19)

By multiplying Eq. (3.12) with 256 Q"Jrl we have

5671 An+12 An+1 n 2 %‘67 n2 n n—1,2

= (10 120 - @) = 2= (10 + 120" - 07T

+ EE_I |Qn+] _ 2Qn + Qn—1|2 _ 56_1 QIH-I : H* 3¢n+l _ 4¢n +¢n—l (3 20)
We - We mZZI: m? m m m . N

8
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By combining Egs. (3.18)—(3.20) for m =1 to 2, we get

ge!
We

2
pn+12 pn n 2 SG_I n n n— n
(R 4 2R = R = 2 (IR + 2R = R*) 4+ 55 3 (VT = 4oV

m=1

2
+IVT = 902Ve;," = Vo))l ) 566 (IVT=009ep 1% + IVT= 602Ve}, — Vo HI?)
=1

S&'E*l 2 n n e 2Ath+l -1 .
+ e anb,,fl—d),,,n2 Zu«p — oI +Zl—e(v W), )
E 71Qn+1 ( ) (3 n+1 — 4" nfl) _ ZAtE rv n+1
+ . | P ; A ) gn — ¢oViu,
I

2 2
EE n n n— ZSS/-:G_] n n n—
= Jwe 2= W1 = @Vl = 2Vg) + VEIhIP = =3 g™ —26), + ¢ I
m=1 m=1

g

2
e > |R"™ 2R+ RV, (3.21)

Because of ¢y + ¢1 + ¢ = 1, term I becomes (B(¢), 3(1 — ¢) — 4(1 — ¢9) + (1 — ¢)) = 0. By taking the L>-inner
product of Eq. (3.9) with 2A¢4"*!, we have

ReDa ~n n n—1 =~n *\ 21 no=n 24t a’”
5 But — 4w+ W) 241 Va(@Hu ! )P = 241 (-Vp" ) — —— IVt e
2Alén+]€_1 (Zz: e
el DI ATt el B (3.22)
We m=1
where

/] n n— /3 1 n n n n n n—
(3" — 4"+ @) = 2 (T — ) 4 20—t — 20" -t
+||un+l _2un +ul1—l|| )+3(”~l’l+l” _ ||un+l||2)'

By squaring Eq. (3.10), we have

3ReDa

n ol /3 SAI n n
15 Ar (2 = @t 2) + = (V" 12 = IV P"IP) - (3.23)

n ~n+1
(V" at) = 3ReDa

By taking the inner product of Eq. (3.10) with 2Aru™*!, we get

3 3 3

S = 2o = 2t — @, (3.24)
Putting Eqgs. (3.22) and (3.23) together, we get

ReDa — n n n—
2%- (||un+1 ”2 _ ||un||2 + ||2ul‘1+1 _ uI‘L||2 _ ||2un _ un 1”2 + ”u +1 _ 2u + u 1”2)
3ReDa n n n 3ReDa n o
: (™12 = a1 ) + 24t |V a(@Ha" 1> = 2% (1> = far )
26 AP . o 2410 (S ot 240 —
(VPP =1V "I17) = = [ D ¢ Vi, & | = =1V po" . (3.25)
" 3ReDa We — K
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By multiplying Eq. (3.24) with % and combining with Eq. (3.25), we have

—ReDa " n n n n n— ZEAtZ n n
o (I 2w =P — = 2w — ) S (19— 1Y)
ReDa u” n— *\ =N 3ReDa n ~n 2At o
= g I = 2w T = 20 @O = e ! — T — =
2Ath+1671 (22: -
B VR (3.26)
We —

By multiplying Eq. (3.13) with 0", we obtain
1 An+12 n An n? n n—1,2 1 An n n—1,2
S(107 = 10"+ 20" = 0" = 20" = Q") + 510" —20" + 0"7'|

= 2AtQ"“Z (V- @), ) + (65 Vi, ] (3.27)
m=1
By multiplying Eq. (3.27) with % and combining with Eq. (3.26), we get

a
12 1 2 2
——— ("2 2™ — a2 — [u"|

(1017 +120"" = 0" = 10" — Q" = 0" ') +

2We 2f
n n— 2§A n n REDa n n n—
—[2u” —u" %) + SReDa (IIvp" 1> = Ivp ||2)=—7||u H_2u" o)
3ReDa o 2At o
—2At ||V a(pHu* — —én 't — ot — Tn\/%u 2
-1, 2 2A1Q" e 2
L g gy gt 4 2T D (V@) wptt). (3.28)
2We We —

By multiplying Eq. (3.21) with 1, Eq. (3.14) with Ee : , and combing the results together, we have

2

%—6_ n+1 n+1 n2 EG— n n n—1,2 %— n+12
—oe (IR 2R = RY) = o (1R'P + 2R — R I)+WZ(II =gVt
2
+HIVT = go2Veyt! - V¢,:‘,)||2) - > (IVT=90Vg312 + IVT= 4o2Ve}, = Vi I
S -1 ArOnle! 2
56 ZII¢”“ o> — Z gy — o' 1> + ———— tQ DAV, ity =
m=1 m=1 m=1

A -1
< Z||\/1—¢0VMZ,+I|| + Lo Zn\/l— oV I

I —¢o

\ o SEE G "
w2V VeI = S ) e =200 + 071
m=1

—1
i;/e R —2R" + R (3.29)

By multlplymg Eq. (3.16) with G and combining the result with Eq. (3.28), we have

28 At?

Vn+]2_ vn2
3ReDa (Ve 12 =1vp"I?)

n n2 n n n— 2
S (19 4+ 120" — ' — 107 — 120" - 0" ') +
ReDa

12 1 2 2 —12
2% (™12 + 20" =2 = u"* — 20" —u""!%)
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ReD 3ReD
=- ;"n wt 2w 2 2Ar||JoT¢>ﬁ"“n2——23é Lt —
2At Are~ N €~ 2
+ (‘T 2 )ufu"“n2 Sl =207+ 0"
ZAthHE—l 2 .
e L (V@ ). (330
m=1

By multiplying Eq. (3.30) with % and combining with Eq. (3.29), the desired energy dissipation law holds with
respect to the following corrected energy functional

2
567 41,2 +1 2 e 12 1 2
R 2R =R 4 S (VT = doVel VIT= 002945 = VepI?)
S (1R ")+ 4Wez_j IVT= 60Vt 1P + IVT = do@Veyt — Vel
Sée‘1 " 2 ) EAL?
n n 2 n+1 n ) \v/ n+12
e 2 19n" —an’ + o (|Q 120" = Q") + IV
ReD
+% (112 + 20 —u)2) . 3.31)

If we do not perform the corrections (i.e., step 2 and step 3), the resulting energy law corresponds to the following
modified energy functional

2
S (R 4 R = R+ S 3 (IWT=aval I + VT = o2V = varl)

2W 4We
m=1
Sée‘l +1 41 2 EAP
n n 2 n+1 n \v/ n+12
Zn«p —hl+ oo (|Q 120 = Q) + 5 IV
ReDa
+ jg (™12 + 20" — ")) (3.32)

In Section 4, the numerical examples will show that the correction techniques lead to highly consistent results.

Remark 3.1. Comparing with the traditional SAV method [48,49] in treating fluid equation, the proposed method
introduces a correction technique to improve the consistence between the auxiliary variable Q and its exact value
1. The traditional SAV method cannot satisfy this consistency, then the computed solution is probably inaccurate
if Q deviates away from 1. A numerical test in Section 4 will indicate that the proposed method leads to high
consistency.

3.4. Numerical implementation

In step 1, it can be observed that the local variables (i.e., "™, u2™1, 4"*!) and non-local variables (i.e., Rn+1
and Q"*!) are coupled together. In this subsection, we introduce a splitting strategy to achieve totally decoupled
computations. We let

¢n+1 — ¢n+1 + Qn+l¢:1+21, /LZ;H — Mnerll + Qn+1/'anJ,r211
Rn+1 — R?-H + Q”_HR;-H, ~n+1 — r]l-‘rl + Qn—t-lﬁg-H‘
With the aforementioned expressions, we recast Egs. (3.7) and (3.8) to be
3@ + 095D — 44y + 45! !
™l L+ "Vl = —V (1 — ¢o) (V!

2At Pe
+ 0" V), (3.33)

m,2

:u'::fll + Qn+lMI:n+21 I"\;n-'rl (H* +5(¢*)> _ GZV . ((1 _ ¢0)(V¢I};l:rll + Qn+lv¢n+1))
+ (it + 0" — o). (3.39)
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They can be split to be

3950 A o
: = 5.V (A= g)Vi "D,

2A¢
Wikl = RIFUHS + @) — €V - (1 — go) Vg + S(g”!
and
3¢:'y:r21 . 1 n+1
£ . TV - (u ¢m)~_ P—eV (1= o) Vi, ),
iy = REV(H + B@™) — €V - (1= go) Ve,
Let

n+1 __ n+l pn+1 n+1 n+l _ n+l pn+1 n+1
Gt =t TR P10 Myt = Mo R 105

n+l1 _ n+l pn+1 ,n+1 n+l _  n+l pn+1  n+1
P = Ot TR 000 Mayn = My Ry 1, 0

Using these expressions, we split Egs. (3.35) and (3.36) to be

3¢n+111 o 4¢n + ¢n—l 1
m, m m - V. 1 _ \v4 n+1
& 2A; Pe (« ®o) Mo 117>
Ky = =€V - (1 = )V ) + St — ¢,
and
3gpth 1
m, — _v . 1 _ \V/ n+l1
AL Pe (( ¢O) /'Lm,lz)a

uitlh = Hy + B(@*) — €2V - (1 — go) Vo) + Seiith.
Egs. (3.37) and (3.38) are split to be

n+1
3¢m,21 1 n+1

E +V- (u*(p;;) = P—eV . ((1 - ¢0)V/’Lm,21)’

2At
it = =€V (1 = go) Vo) + St
and
3¢nty 1
s - —V.-(1= v n+1 ,
& 2 At Pe («( ®0) /JLm,zz)

uity, = Hi + B(@™) — €2V - (1 — o) VL) + Sppt,.

By using the expression of R, we rewrite Eq. (3.12) to be

2
. - 1
3R+ MR 4R+ R = 5 /9 >y (30
m=1

Based on the splitting technique, we get

2
A 1 A
BRI — 4R+ R = E/Q > H; (3¢,’:jfl + 3R gt
m=1

2
~ 1 ~
3R =3 fn >y (3¢;’1le1 + 3R"+‘¢g1f2‘2> dx.
m=1

Then, we update R"™! and RI*! from

2 2
3 . 1
3—-/§ H¢" ) dx R7+1=4R"—R”—‘+-/§ H;: (3¢
2 Qm:l ‘ 2 Qm:l

12

—4g" + ¢;};‘) dx.

—4g! + ¢;},“) dx,

- 4¢1,1!1 + ¢rnn_l) dx,

(3.35)
(3.36)

(3.37)
(3.38)

(3.39)
(3.40)

(3.41)
(3.42)

(3.43)
(3.44)

(3.45)
(3.46)

(3.47)

(3.48)

(3.49)

(3.50)
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2
* pn 3 n
(3 - _/ Z H m+212 dx ) R2+1 = 5 /;2 Z Hm¢m+211 dx. (351)
m=1

To achieve decoupled computation of intermediate velocity, we rewrite Eq. (3.9) as

n+1 —1

W Z ¢m V/’l’m

m=1

+Ol(¢ )(~n+1 + Qn+l~n+1) _ Vp _ Q

ReDa | 30! + 30" @it — 4u” + u!
& 2At

¢0 <~n+1 Qn-&-lﬁngl). (3.52)
We split it to be

ReDa 30! — 4u" + uw'! . ®o -,
: L AT +a@)u' ! = —vp" — ?ul“. (3.53)
and
ReDa 3@ ) ¢0 i
£ oA te@nnt = oo qu oy, — —w5 (3.54)

By recasting Eq. (3.13), we have

30" 40"+ 0 =i | Z [V @ opay + 0]

+ Z (60 V0, - @7 4 0" asTh) ax. (3.55)
m=1
We update Q™! from the following equality

2
(3—2A[/ Z V (ll ¢ )Mn-H +Z ¢ Vum n+l] dX) QnJrl :4Qn_Qn71
m=1

+2At/ Z [V oy ]+ Z orvus W dx. (3.56)

m=1

With computed Q"*', ¢"+!, !, and #"*' can be explicitly obtained via back substitution. In each time step, we
only need to solve several linear elliptic type equations in a totally decoupled manner.

4. Numerical experiments

In this section, extensive numerical simulations will be performed to validate the stability, accuracy, and capability
of our proposed model and algorithm. The governing equations are discretized in space based on the finite difference
method, see [50,51] and references therein for some details. Unless otherwise requested, we set some parameters

as Re=1,We=1, Pe=0.1,Da=0.05 x=01,E=05 m=m=1,k=1e-8, §=2,q, = %,and
g = 1.98We
T kel

4.1. Energy dissipation property and consistency

In this subsection, we first validate the energy dissipation property under different time steps. The full domain
is defined as 2 = (0,4) x (0,4). A circular solid with radius 1 and center position (2, 1.2) is embedded into {2.
The initial droplet with radius 0.7 locates at (2, 2.9). The initial velocities and pressure are zero. The left column of
Fig. 2 displays the initial state. On d{2, we use periodic boundary condition and homogeneous Neumann boundary
condition for scalar variables along x- and y-directions, respectively. The velocities on 92 are no-slip. In this test,
the mesh size is 256 x 256 and € = 0.015. Let h = 4/256 = 1/64 be the space step, we perform the simulations
with different time steps: Ar = h(48t), 0.5h(2At), and 0.25h(58t). The evolutional processes of liquid interface with

13



J. Yang, J. Wu and Z. Tan Computer Methods in Applied Mechanics and Engineering 414 (2023) 116180

4
Yy
3 L
Liquid 2

2 L
1t
0 ‘ ‘ ‘

0 1 2 3 xr 4

Fig. 2. A droplet locating on a circular solid. (a) initial state; (b) interfacial evolutions with 6 = 60°; (c) interfacial evolutions with 6 = 120°.
The arrows represent the evolutional directions.

Table 1

Exact and numerical results of contact angle 6.
Exact value: 45° 60° 120° 135°
Numerical value: 45.2° 59.7° 119.7° 134.8°

respect to & = 60° and & = 120° are shown in the middle and the right columns of Fig. 2, respectively. In the
left column of Fig. 3, the top and the bottom rows show the interfaces and velocity fields at final stage t = 25
with respect to different contact angles. It can be observed that interfacial behavior on the liquid—solid boundary is
significantly affected by the contact angle (wetting condition). In the right column of Fig. 3, the curves of original
energy and correct energy are plotted. The evolutions are consistent and non-increasing in time. Furthermore, we
observe that the energy curve converges as the refinement of time step.

The stabilization parameter S is crucial to obtain stable computation. To test the importance of S, we let S =0
and set a relatively large time step At = h to perform the same simulations. Fig. 4(a) and (b) display the energy
curves with respect to 8 = 60° and 6 = 120°, respectively. We observe that the energy dissipation law is not
satisfied. As shown in Fig. 3, § = 2 leads to energy dissipation-preserving results. It is worth noting that the theory
of an optimal stabilization parameter in SAV type method is still an open question. As reported in [48,49] and the
references therein, S is an empirical parameter and a relatively small value of S maintaining the energy stability
should be used because a large value of S introduces extra errors. Therefore, S = 2 will be an appropriate choice
in the present work.

If we consider the evolution of a droplet on a flat substrate, the contact angle boundary condition can be explicitly
imposed on the boundary of computational domain, see [52—55] and the references therein. As we have mentioned in
the Introduction, this treatment requires us to artificially define appropriate boundary conditions. On the contrary,
our proposed model do not need explicit boundary conditions and the contact angle can be implicitly achieved
after the evolution of governing equations. To verify this, we simulate the evolution of a droplet located on a flat
substrate (y < 0.15). The full computational domain is {2 = (0, 4) x (0, 2). The droplet with radius 0.8 locates at
(2,0.15). Here, we use Ar = 0.25h and h = 1/64. Fig. 5 shows the initial condition. In Figs. 6 and 7, we display
the interfacial evolutions and final stages with respect to 6 = 45°, 60°, 120°, and 135°. The droplet presents a
hydrophilic property as the presupposed angle is less than 90°. Otherwise, the hydrophobic phenomenon is observed
when we let & > 90°. The exact and numerical values of contact angle are list in Table 1, it can be observed that
the contact angles are well simulated by the proposed model. Fig. 8(a)—(d) illustrate the energy curves with respect
to different contact angles. The results indicate that the original energy and the corrected energy are non-increasing
and highly consistent.

To test the effect of correction technique on energy dissipation, we take the droplet locating on a flat substrate
with & = 120° as an example. In the first case, we set Ar = 0.25h and other parameters keep unchanged. Fig. 9(a)

14
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Fig. 3. A droplet locating on a circular solid. The left and right columns show the final stages and energy evolutions. In each column, the
top and bottom rows correspond to 6 = 60° and 6 = 120°, respectively.

shows the original and modified energy curves without and with energy correction, respectively. From the insets
shown in each figure, we observe the difference between original energy and modified energy. Later, we perform
the same computations with a larger time step Ar = 2.5h. From the results in Fig. 9(c), the difference between
original energy and modified energy becomes more obvious. On the contrary, Fig. 9(b) and (d) indicate that the
correction technique leads to highly consistent results even if a larger time step is used.

To test the consistency between original Darcy model and its numerical form, we perform the same simulation.
The left and right columns of Fig. 10 plot the evolutions of Q with respect to At = 25k and 2.5k, respectively.
With the absence of correction technique on Q, we find that the numerical value of Q obviously deviates from
its exact value 1 as the increase of time step. Therefore, the consistency between original Darcy model and the
numerical form is destroyed. To perform accuracy simulation, the results indicate that the correction technique on
Q is necessary.

For a droplet resting on a flat substrate, we investigate the grid convergence by using mesh sizes: 64 x 32,
128 x 64, and 256 x 128. The initial condition, computational domain, and parameters are unchanged. The contact
angle is 120°. The droplet profiles at ¢+ = 15 with respect to different mesh sizes are plotted in Fig. 11. As we can
observe, the droplet profile converges as the refinement of grid.
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Fig. 4. Energy curves with respect to S = 0, (a) & = 60°, and (b) & = 120°. The inset in each figure shows the local close-up view of
energy curves.
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Fig. 5. Initial state of a droplet locating on a flat substrate.

4.2. Effects of different chemical potentials

To derive Eq. (2.5), we neglect the last term in Eq. (2.4) because this term has no contribution on contact angle
dynamics. To show the effects of differential chemical potentials: w,, in Eq. (2.5) and f,, in Eq. (2.4), we consider
a droplet resting on a flat substrate. The initial radius is 0.8, the initial center position is (2, 0.15). The domain is
2 =(0,4) x (0,2). We set h = 1/64 and At = 0.25h. Fig. 12(a) and (b) show the results at ¢+ = 15 with respect
to & = 60° and 120°, respectively. The numerical results indicate that fi,, (i.e., the last term in Eq. (2.4)) does not
affect the dynamics. Therefore, it is reasonable to neglect this term in Eq. (2.5).

4.3. Comparison with previous method

To simulate the two-phase incompressible fluid flow in contact with solid, Liu and Ding [24] developed a hybrid
phase-field immersed boundary method in which the contact angle was imposed based on the geometrical relation.
To show the capability of their method, the evolution of a droplet on a cylinder was investigated. By setting the
initial area of droplet and the desired contact angle, the analytical profile of droplet can be calculated. Please refer
to [24] for some details. In the present simulation, we use the same initial condition on {2 = (0, 2.5) x (0, 2.5). The
contact angle is 6 = 30°. Fig. 13(a) displays the final profiles of droplet obtained by the analytical formula, the
previous simulation [24], and the present simulation. The relative errors of droplet area between the present result
and the analytical/previous results are listed in Table 2. As we can observe, the relative errors are less than 5%.
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(b) 6 = 60°

(a) 6 = 45°

(d) 6 = 135°

(c) 6 =120°

the black arrows represent the evolutional directions of liquid

5

Interfacial evolutions of a droplet locating on a flat substrate. Here

6.

Fig.

interface.

(b) 6 = 60°

(a) 0 = 45°

(d) § = 135°

(c) 6 =120°

Fig. 7. Interfaces and velocities of a droplet locating on a flat substrate at final stage t = 15. The blue arrows represent the velocity field.

To show the convergence rate, we use the mesh size 256 x 256 to calculate the reference solution. The time
step and € are fixed as At = 3.8e—4 and € = 0.0657, respectively. The L2-errors corresponding to different mesh

sizes: 128 x 128, 64 x 64, 32 x 32, and 16 x 16 are plotted in Fig. 13(b). The results indicate that our method

has second-order accuracy in space.
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Fig. 8. Energy dissipations of a droplet locating on a flat substrate. The original and corrected values are highly consistent.

Table 2
Areas of droplet and relative errors.
Analytical Previous [24] Present
Area: 0.6547 0.6520 0.6236
Relative error: 4.75% 4.36%

4.4. Accuracy test

To test the temporal accuracy of our proposed time-marching scheme, we consider a specific case (i.e., a droplet
located on a flat substrate with 8 = 120°). The reference solutions are obtained by using a small time step
At" = 0.025h%, where h = 1/64 is the space step. The computations are performed by setting increasingly coarser
time steps: At = 4At", 8At¥, and 16 At*. The log—log views of L2-errors for ¢,, (m = 1, 2) and velocities (u, v) are
plotted in Fig. 14(a) and (b), respectively. The numerical results indicate that the proposed scheme has the temporal
accuracy which is not less than second-order.

4.5. Creeping flow coupled phase separation

The binary phase separation is a typical benchmark problem for the CH dynamics. In this subsection, we
investigate the creeping flow-coupled phase separation in various irregular domains. In 2D space, the full domain
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Fig. 10. Effect of correction technique on Q. The left and right columns show the results with respect to different time steps.

&=

19



J. Yang, J. Wu and Z. Tan Computer Methods in Applied Mechanics and Engineering 414 (2023) 116180

2 T T T T T T T
Yy | |- 64 x 32
15 | ——--128x64 |
— 256 x 128
1L ]
0.5 ]
0 1 1
0 3 35 1 4

Fig. 11. Droplet profiles with respect to different mesh sizes. Here, the arrows represent the convergence directions.

[Lﬂl

(a) (b)
Fig. 12. Effects of w,, and [, on the droplet spreading. Here, (a) and (b) correspond to 6 = 60° and 120°.
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Fig. 13. (a) Profiles of droplet with respect to analytical formula, previous simulation (Liu and Ding [24]), and present simulation. (b)
L?-errors with respect to different mesh sizes.

is 2 =(0,4) x (0,2). The complex tube is defined by the following two functions
v = 0.01x2 cos(4mx) — 0.04sin(87x) + 0.5,

y2 = 0.06y/(2x) sin(4mx) + 1.3.
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Fig. 14. Accuracy test for (a) ¢, (m = 1,2) and (b) velocities. In each figure, the convergence rates are shown.

The initial conditions of ¢; and ¢, are the sets of random numbers with an average concentration 0.7 and
perturbation 0.1. The initial velocities and pressure are zero. On 92, we consider the homogeneous Neumann
boundary condition. We set Ar = 0.001, = = 1/64, 6 = 90°, and ¢ = 0.0075. Fig. 15 shows the snapshots of
creeping flow-coupled binary phase separation in a 2D irregular tube. The evolution of velocity field is accompanied
by the coarsening process. The energy dissipation properties are displayed in the bottom row of Fig. 15.

In 3D space, the full domain is {2 = (0, 2) x (0, 1) x (0, 1). The irregular tube is defined by the following function

JO =035 + (z— 0.5)2
2\/56
—(0.02x2 cos(4mx) — 0.03 sin(67rx) + 0.3)(0.95 — 0.4 cos(? + 7x))
2V 2¢ ) ’

where ® = tan~'(y — 0.5,z — 0.5) and z # 0.5. The second irregular domain is the well-known Schwarz P
region [56,57], its definition is as follows:

cos(2mx) + cos(2my) + COS(27TZ)>
Zﬁe .

Fig. 16(a) and (b) illustrate the 3D irregular tube and Schwarz P domain, respectively. Figs. 17 and 18 display the
snapshots of binary phase separation in irregular tube and Schwarz P, respectively. The numerical results indicate
that the flow-coupled coarsening processes can be well simulated in different 3D complex domains. The energy
dissipations with respect to two irregular domains are shown in Fig. 19.

In the process of phase separation, the same fluid materials merge with each other to occupy most regions of
domain. Due to energy dissipation, the total length of liquid-liquid interface will take its minimum value at final
stage. However, the computation up to steady state is very time-consuming. In this subsection, we only display
some intermediate results in which the coalescence of same fluid materials can be obviously observed.

¢o(x,y,2,0) = 0.5+ 0.5tanh <

4.1)

bo(x. y.2.0) = 0.5 + 0.5 tanh < 42)

4.6. Two-phase buoyancy-driven flow

In a sandwich-shaped liquid system, the light liquid is located at the middle position and the upper and lower
regions are occupied by another heavy liquid. Due to the buoyancy force, the heavy liquid falls down and the
pinch-off of two-phase interface appears. Lee et al. [32], Han and Wang [33], Yang and Kim [58] numerically
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Fig. 15. Creeping flow-coupled binary phase separation in a 2D irregular tube. The liquid-liquid interface is represented by the 0.5-isocontour
value of ¢;. The solid-liquid interface is represented by the 0.5-isocontour value of ¢y. The energy curves are plotted in the bottom row.

Irregular tube

Schwarz P

(a) (b)

Fig. 16. Schematic illustrations of 3D irregular tube (a) and Schwarz P domain (b). The interface is represented by the 0.5-isocontour value
of ¢p.

investigated this phenomenon in a regular domain. The Darcy model should be modified to be

ReDaa_u+ @)
F o a(dp)u

-1 2
~Vp = o Y b Vi + M — D (4.3)
m=1

V.u=0, (4.4)
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t=0.38 t=0.58

Fig. 17. Creeping-flow coupled binary phase separation in a 3D irregular tube. The computational moments are shown under each figure.

where ¥ = 2¢; — 1 and ¥ is the average concentration of ¥, g = (0, —g) is the gravity. Fig. 20 illustrates the
initial state. In this subsection, we aim to simulate the buoyancy-driven creeping flow in contact with a solid. The
full domain is 2 = (0, 27) x (0, 27). A circular solid with radius 0.5 is located at (;r, 0.6t + 0.9). The initial
conditions are defined as

$1(x, y,0) = (1 — go(x, ) <0.5 +0.5tanh <y2_7“2(x)> tanh <y2—71;(x)>> , 4.5)
€ €

¢2(x7 yao): 1—(]5()()(3, }’)_¢1(x’ y’0)7 (46)

u(x,y,0) = vx,y,0 = pkx,y 0 =0, 4.7

where a(x) = 7 + 0.9 — (0.45 + 0.1 cos(x)) and b(x) = w + 0.9 + (0.45 + 0.1 cos(x)). The parameters are set to
be Ar =0.01, ¢ =0.047, Re =1, We =4, Pe =2, Da = 0.035, x = 0.66, g = 1, and A = 0.2. Fig. 21(a) and
(b) show the snapshots with respect to n, = 10.5 and n, = 1.5, respectively. In (a) and (b), the contact angle is
6 = 90°. We observe that the large viscosity of light liquid obviously delays the evolution. In (c), we set n, = 1.5
and 6 = 10°. By comparing the results in (b) and (c), we find that the decrease of 6 makes the light liquid adhere
to the solid. We also plot the evolutions of Q with respect to three cases in Fig. 22. The results indicate that the
numerical value and exact value 1 are highly consistent.

4.7. An extension to ternary liquid system

For the ternary compound droplets in contact with a solid substrate, the interfacial angles: v, ¥, Y3 and contact
angles: 63, 612, 621, 8>3 should be considered. A schematic illustration is shown in Fig. 23.
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t=0.08

t=0.38 t =0.58

Fig. 18. Creeping-flow coupled binary phase separation in a 3D Schwarz P domain. The computational moments are shown under each

figure.

76

Energy

(a)

Fig. 19. Evolutions

of energy curves with respect to (a) irregular tube and (b) Schwarz P.
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Fig. 20. Initial state of the buoyancy-driven creeping flow.

The balance relation between interfacial angles and surface tensions on liquid interfaces are

siny;  sinyp  sinys

— - (4.8)
023 013 o12
On the boundary between liquid and solid, the Young’s equality reads as
Opg COSOpg = 0ps — Oys, 4.9)

where p and g are 1, 2,3 and p # g. In [54], authors derived the following force balance relation from Eqs. (4.8)
and (4.9)

sin ¥, cos 13 — sin Y3 cos B — sin ¥y cos B3 = 0. 4.10)

The aforementioned equality indicates that the contact angles and interfacial angles are linked with each other.
With known interfacial angles and two presupposed contact angles, the wetting state of compound droplets is well-
determined. To simulate the compound droplets in contact with solid in our proposed framework, we herein define
three weighted angles as follows:

?3 ¢
6, = 0 612, 4.11
: ¢+ P3 13+¢2+¢3 2 @D
®3 o1
0, = 0 0 4.12
2T b+ s 23+¢1+¢3 2 (*-12)
1 g
6; = 180° — 0 0. 4.13
’ [¢1+¢>2 ]+¢1+¢2 21| 1)

We successively choose 601, 8,, and 63 when we update ¢, ¢,, and ¢3, respectively. It is worth noting that this strategy
allows us to directly use the proposed model for a binary liquid system with the absence of explicit treatment
of contact angles at different positions. In this simulation, the full domain is defined as 2 = (0,4) x (0,2). A
generalized continuous surface tension model [37] for N-component fluid system (N > 3) is adopted. Fig. 24(a)
shows the initial state of compound droplets with radius 1 in contact with a tilted substrate. The parameters are
At = 0.1, h = 1/128, € = 0.0094, We = 10/e, Re = 1. The interfacial angles are 120°, we set 6,3 = 90° and
63 = 60°. From the balance relation, 8;, = 120° is obtained. The initial velocities and pressure are set to be zero.
The interfacial evolutions and final state (r = 180) are shown in Fig. 24(b) and (c), respectively. The numerical
values of contact angles are 83 = 89.4°, 6,3 = 60.2°, and 6, = 119.1°. The results indicate that the proposed
model also works well in a ternary liquid system with different wetting conditions. It should be noted that the present
ternary liquid model with weighted contact angles does not have the energy dissipation law because 6y, 6,, and 6;
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Fig. 21. Buoyancy-driven creeping flow in contact with a solid. Here, (a), (b), and (c) correspond to (12, 6) = (10.5,90°), (1.5,90°), and
(1.5, 10°), respectively. From the top to bottom, the results are at t = 14, 16, 18, and 20.
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Fig. 22. Evolutions of Q with respect to three cases: (12, 0) = (10.5,90°), (1.5,90°), and (1.5, 10°).

Liquid 3: ¢3
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Solid: ¢, [/ auid 1= 1
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Fig. 23. Schematic illustration of compound droplets in contact with solid substrate.

Liquid 3
(Ambient liquid)

(b) (c)

Fig. 24. Compound droplets in contact with a tilted substrate. (a) Initial state; (b) Interfacial evolutions; (c) Final state at + = 180. The
arrows represent the evolutional directions.

are functions with respect to ¢,, (m = 1, 2, 3). Moreover, the generalized continuous surface tension model also
leads to some difficulties in deriving energy dissipation property. Therefore, we do not consider the energy-stable
scheme and only use the BDF2 method to update the variables in time. The energy dissipation-preserving ternary
model will be further studied in the future. We admit that the imposing of consistent boundary conditions in a
ternary CH system will be more challenging than the case presented in this subsection. Since this work mainly
focuses on the binary flows in contact with solid, the present test only shows that the proposed model has good
potential for a ternary system with simple wetting conditions. In our future works, we will further develop the
models for simulating more challenging interaction problems between ternary fluids and solid [59].

Fig. 25 shows the profiles of compound droplets on a tilted substrate with respect to different mesh sizes: 64 x 32,
128 x 64, 256 x 128, and 512 x 256. The arrows represent the convergence directions. It can be observed that
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Fig. 25. Profiles of compound droplets with respect to different mesh sizes. Here, the arrows represent the convergence directions.

the numerical result converges as the refinement of grid. The overlap between liquid and solid also vanishes when
we refine the mesh.

5. Concluding remarks

This work presented an efficient phase-field fluid model for describing binary creeping flows in contact with
solid. A classical ternary CH model was modified to capture the liquid interfaces in irregular domains. The contact
angle between liquid phase and solid phase was implicitly achieved by solving the governing equations. The
implementation was efficient because the artificial treatment of liquid—solid boundary condition was not necessary.
The incompressible Darcy model was modified by adding a penalty term to describe the liquid flows in irregular
domains. To satisfy the energy dissipation law of the binary fluid system, we designed a temporally second-order
accurate, linearly decoupled, and consistently stable scheme. The discrete energy law was also analytically estimated.
The numerical results indicated that the consistent energy stability was satisfied, the arbitrary domains were easily
treated, and the contact angle dynamics was well simulated. In our future works, the proposed model and algorithm
will be extended to simulate multi-physics coupled fluid systems [60-62] in contact with solid.

Because we only focused on the Darcy type creeping flow in this work, the viscosity was dominant and the
Reynolds number in all simulations was low. In a separate work, we will further consider the two-phase fluids
governed by the Navier—Stokes equations. By setting a large Reynolds number, the energy evolution in the inviscid
limit [63] will be investigated.
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